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Ab Initio Nuclear DFT Deliverables
Plan for Year-4 from Continuation Progress Report

Extend DME and validate against ab initio calculations.
Initial work toward 40Ca DME comparisons
Further development of π–DME functionals; include pairing
Continue development and testing of orbital-based DFT

Other deliverables from CPR
Low-k interactions: test and export evolved 3D 3NF
and evolve operators
Improve and test nuclear matter on which DME relies
In-medium SRG: Further closed-shell nuclei and ph
channels in nuclear matter
Upgrade and validate the DME implementation
Develop and test a refit Skyrme functional including
universal long-range DME parts
Compare DME to CC and NCFC with the same (variable)
Hamiltonian, including with external fields.
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NNN Evolution (Jurgenson with Navratil, rjf)

7 
Option:UCRL#! Option:Directorate/Department Additional Information!

PLS/Physics 

4He Convergence 

!! Rapid and smooth 

convergence 

!! Induced 4NFs contribute 

about 30-60 keV 

!! Smaller than discrepancy of 

bare with experiment from 

omitted N3LO 3NF and 4NF 

!! Monitor induced 4NFs 
closely with increasing A, 

due to their strong density 

dependence 

PRL 103, 082501 [arXiv: 0905.1873]"



8 
Option:UCRL#! Option:Directorate/Department Additional Information!

PLS/Physics 

6Li: using the slater-determinant basis 

!! Push the truncations to 300/36 

!! Variational: find the minimum 

!! At Nmax  = 8, min is at !" = 20  
!! Input files here are 13 Gb  

  (32 Gb for other p-shells) 

!! 6Li, 7Li, and the rest of the p-shell nuclei require a new procedure 

Jacobi    "   Slater-determinant 

manyeff ncsd 



9 
Option:UCRL#! Option:Directorate/Department Additional Information!

PLS/Physics 

6Li: NN and NN+NNN calculations 

!! Increased Nmax-A2 to 300 and Nmax-A3 to 36 

!! Simple extrapolations show significant spread in ! 

!! Induced 4NF? Missing 3NF? 

!! Width b/n mid and right are different: A3 truncation 



11 
Option:UCRL#! Option:Directorate/Department Additional Information!

PLS/Physics 

6Li: Spectrum 

!! Spectral structure is preserved nicely 

!! 2+;1 and 3+ not converging as fast, but more sensitive to higher J 

!! More evidence that A3nmax should be higher 



Plan for Rest of Year 4 and Year 5

13 
Option:UCRL#! Option:Directorate/Department Additional Information!

PLS/Physics 

Deliverables 

Recap 
!! SRG improves convergence 

!! Variational and model space 

independent 

!! Induced forces are of natural 

size – no larger than the error 

due to missing initial ANFs 

!! Still waiting on more precise 

calculations (A3-Nmax=40) to 

determine their significance at 

A ! 6 

Outlook 
!! Monitor hierarchy of induced 

higher-body forces in p-shell 

nuclei (MFDn) 

!! Collaborate to achieve 

coupled cluster results with 

3NF inputs 

!! Apply these results to 

reactions (NCSM+RGM) 



SRG Operators (Eric Anderson et al.)

Operator Evolution & Extraction Process

Anderson SRG Operator Evolution – UNEDF Meeting 2010



Factorization in Few-Body Nuclei

Variational Monte Carlo Calculation

→ Using AV14 NN potential

From Pieper, Wiringa, and Pandharipande (1992).

Possible explanation of scaling behavior

→ Results from dominance of NN
potential and short-range correlations
(Frankfurt, et al.)

1D few-body HO space calculation

→ System of A bosons interacting via a
model potential
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→ A Test Bed for 3D NCSM calculations:

Alternative explanation of scaling behavior

→ Results from factorization
∫ λ
0

∫ λ
0 ψ

†
λ(k

′) [IQOQKλ(k′)Kλ(k)]ψλ(k)

Anderson SRG Operator Evolution – UNEDF Meeting 2010



Conclusion/Outlook

Recent Progress:

Consistently evolved nuclear operators with SRG in deuteron
& model 1D few-body calculations

Extraction & embedding process for few-body operators
formulated and tested

Explored alternative generators for oscillator basis

Factorization demonstrated for few-body model calculation

Computational Issues:

SRG evolution in n-particle basis
– Exponential growth of matrix size

Plan:

Establish bounds on growth of many-body operators

Do calculations in 3D in harmonic oscillator basis

Explore factorization of other operators (e.g., electroweak)

Anderson SRG Operator Evolution – UNEDF Meeting 2010
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Improved NNN Treatment (Kai Hebeler et al.)

VNN V3N

V3N

VNN

VNN

V3N

VNN

VNN

V3N

V3N

V3N

V3N

Equation of state (EOS):
Many-body perturbation theory

H(Λ) = T + VNN(Λ) + V3N(Λ) + . . . .

E =

+ +

+ + + + +

central quantity of interest: energy per particle E/N

• for low momentum interactions no resummation of diagrams necessary

• self-consistent single-particle propagators        thermodynamic consistency

+ . . .



2.0 < 3N < 2.5 fm-1
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Symmetric nuclear matter

r4He = 1.95− 1.96 fmandE3H = −8.482 MeV

• 3N forces crucial for saturation

• cutoff dependence at 2nd order significantly reduced

• couplings        and       fitted to

• 3rd order pp and hh contributions small 
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Bogner, Furnstahl, Schwenk, Nogga; arXiv:0903.3366

Improvements:

• full treatment of double exchange terms

• self-consistent single-particle self-energies

• correction of combinatorial factors
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Future: Still need coupled-cluster calculations (or VMC?)



Nuclear matter: 
Uncertainties due to coupling constants and RG scheme

Entem/Machleidt (EM):

c1 = −0.81 GeV−1

c3 = −3.20 GeV−1

c4 = +5.40 GeV−1

Rentmeester et al. (RM):

c1 = −0.76 GeV−1

c3 = −4.78 GeV−1

c4 = +3.96 GeV−1
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RM, Vlow k, / 3N = 2.0/2.0

EM, SRG, / 3N = 2.0/2.0

RM, SRG, / 3N = 2.0/2.0

PRC 68,  041001

PRC 67,  044001

• uncertainty of about 3.5 MeV in E/A at saturation density

• reasonable saturation properties

• improved constraints of      couplings necessary!  ci

Fine-tuning needed for quantitative ab initio DME input
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Alternative many-body method (Bogner, Hergert)

lim
s→∞

Γod(s) = 0

�12|Γod|34� = 0 if f12 = f34

dH(s)
ds

= [η(s), H(s)]

Evac(∞) → Egs

fk(∞) → �k (fully dressed s.p.e.)
Γd(∞) → f(k�, k) (Landau q.p. interaction)

H(∞) = Evac(∞) +
�

fi(∞)N(a†iai) +
1
4

�
[Γd(∞)]ijklN(a†ia

†
jalak)

η = [f̂ , Γ̂]

18

In-medium SRG for Nuclear matter

• Normal order H w.r.t. non-int. fermi sea

• Choose SRG generator to eliminate “off-diagonal” pieces 

• Truncate to 2-body normal-ordered operators “IM-SRG(2)”
- dominant parts of induced many-body forces included implicitly

Microscopic realization of SM ideas: dominant MF + weak A-dependent NNeff

λ ≡ s−1/4



Alternative many-body method (Bogner, Hergert)
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PNM*

Correlations “adiabatically” summed into H(!)
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*Neglects ph-channel. See Heiko Hergert’s talk.

Weak cutoff dependence over large range => dominant 3,4,...-body
terms evolved implicitly



Application to closed-shell nuclei (Tsukiyama et al.)

IM-SRG(2) diagonalization of closed-shell systems

21

Comparable to coupled-cluster in closed

shell nuclei.

Similar scaling with number of orbitals

~ N6

Neutron droplet comparisons in rest of year 4



In-Medium SRG: Year 4–5 Plans

Include initial NNN interactions (N-ordered 0,1,2–body
parts) for the single-reference state calculations

IM-SRG for infinite matter
Continue work on including particle-hole channel (hard!!)
Normal-order with respect to HFB ground state

Derive valence shell model effective Hamiltonians and
operators
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OEP Development (Drut, Platter, rjf)

Green!s function

OEP integral equation

Sum over occupied and 

unoccupied states!

uxc,j(x�) =
1

ϕ∗
j (x�)

δEint

δϕj(x�)

Auxiliary potential

The OEP equation

Tuesday, June 22, 2010
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Solving the OEP equation

Two problems:

The OEP equation is singular

Constructing the Green!s function 

explicitly may be expensive Kümmel-Perdew

Iterative solution

N�

k=1

ψ∗
k(x)ϕk(x) + c.c. = 0

(ĥKS − εi)ψ∗
i (x) = −

�
∆i(x)− ∆̄i

�
ϕi(x)

uxc,j(x�) =
1

ϕ∗
j (x�)

δEint

δϕj(x�)∆i(x) = vxc(x)− uxc,i(x)

Tuesday, June 22, 2010



Done / To do

Implemented full OEP solution in 1D (Kümmel-Perdew algorithm)

Tested 1D proof-of-concept against Hartree-Fock

3D code under development (framework in place, now debugging)

RPA?

Derived OEP-HFB equations (first time)

Minnesota potential & compare with HF, HF-DME, NCSM, GFMC

!

!

!

QRPA?

Solves formal and practical problems of GGAs

Allows for exact exchange, RPA, Pairing, etc...

Allows for orbital-dependent functionals

Tuesday, June 22, 2010
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DME Development (Gebremariam et al.)

�V2� ∼
�

n,m

�
dROn(R)Om(R)

�
drΠn(kF r)Πm(kF r)V2(r)

∼
�

t

�
dR

�
Cρρ

t ρ2
t + Cρτ

t ρtτt + Cρ∆ρ
t ρt∆ρt + CJJ

t J2
t + CJ∇ρ

t Jt∇ρt · · ·
�

�Φ|ψ†�R− 1
2
r
�
ψ(R +

1
2
r|Φ� =

�

n

Πn(kF r)�On(R)�

Cij [u] = Cij
1 [u] + Cij

2 [u] ln(1 + 4u2) + Cij
3 [u] arctan(2u),

Cij [u]ξiξj , u ≡ kF (R)
mπ

Cij [u] = rational polynomial
6

Density Matrix Expansion Revisited (Negele and Vautherin)

Expand of DM in local operators w/factorized non-locality

Dependence on local densities/currents now manifest

NV, PSA, ...



ρ(�r1, �r2) = ei�r·�k e
�r
2 ·(∇1−∇2)−i�r·�kρ(�r1, �r2)

����
�r1=�r2=�R

ρ(�r1, �r2) ≈
�

d3�k g(�R,�k) ei�k·�r
2�

n=0

1
n!

�
�r ·

�
∇1 −∇2

2
− i�k

��n

ρ(�r1, �r2)

�����
�r1=�r2=�R

Prescriptions for !n-functions

9

Phase space averaging (PSA-DME) (Gebremariam et al. arXiv:0910.4979)

Average the non-locality operator over local momentum

distribution g(R,k) and expand exponentiated gradients

Easy to build in physics associated with surface effects in

finite fermi systems (non-isotropic g(R,k)) 

Crucial to accurately describe spin-vector part of OBDM



12

• Inclusion of finite fermi phase space effects crucial for quantitative agreement
• completely parameter-free 

Can now apply modified DME with confidence
to spin-unsaturated systems



Vc(q1,q2,q3) ∼ σ1 · q1σ2 · q2

(q2
1 + m2

π)(q2
2 + m2

π)
Fαβ

123τ
α
1 τβ

2 + perms

Fαβ
123 ≡ δαβ

�
−4

c1m
2
π

f2
π

+ 2
c3

f2
π

q1 · q2

�
+

c4

f2
π

�αβγτγ
3 σ3 ·

�
q1 × q2

�

8

New development: DME for chiral NNN force (N2LO)

• Expect interesting spin-orbit/tensor couplings from TPE 

Empirical EDFs (Skyrme, Gogny,...) spin-orbit coupling is density

independent => appropriate for NN spin-orbit forces (short range)

This is a mismatch since microscopic NNN interactions are long-range

(DME ==>  density dependent J!"! couplings)



Cijk[u]ξiξjξk , u ≡ kF (R)
mπ

Cijk[u] = Cijk
1 [u] + Cijk

2 [u] ln(1 + 4u2) + Cijk
3 [u] arctan(2u),

7

(note: u is NOT small)

Similarly for <VNNN> (but trilinear and many more terms...)



DME Year 4 Deliverables

• DME  Ex[!] from chiral EFT NN + NNN thru NNLO 
delivered to ORNL EDF group

– Mathematica package + Python scripts available to public

– Original NV-DME or PSA-DME options (others easy to implement)

– Implemented in HFTHO and HFBRAD and 1st optimizations begun by 

ORNL group (Stoitsov, Kortelainen)

• Use improved DME to validate against ab-initio

– 1st results obtained for neutron droplets w/Minnesota NN potential

– Beyond HF and more realistic NN + NNN rest of Year 4 and 5

• Year 5 roadmap

– revisit comparison to ab initio for nuclei w/realistic NN + NNN (DME 

improvements + exact Hartree)

– microscopic constraints on short-range non-analytic density dependencies 

(!2+" etc.)

– comparison to OEP for Ex

3
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Calculations with DME-based EDF (Stoitsov et al.)







Effects on single-particle levels?



Effects on deformations?
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DME–NCFC Comparisons (P. Maris et al.)

Neutron droplets

Preliminary results – DME plot from Markus Kortelainen
Density for 8 neutrons in a HO trap with Minnesota NN interaction
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Many Fermion Dynamics – nuclear physics – p.22/26



DME–NCFC Comparisons (P. Maris et al.)

Neutron droplets

Preliminary results – DME plot from Markus Kortelainen
Density for 8 neutrons in a HO trap with Minnesota NN interaction

0 1 2 3 4 5
r [fm]

0

0.05

0.1

0.15

0.2

!(
r) 

 [f
m

-3
]

!"!

!"!#

!"!$

!"%&

!"%'

!"&

()*
(+,

-.
*

! % & . # /
) (+,*

$ 0123)405 60 78 3)9:

; <%!=1>? @>
; <%!=1>? ABC
; <&!=1>? @>
; <&!=1>? ABC

D=E 4+ =60015439 :43"

qualitative agreement between NCFC and DME calculations
more details discussed this afternoon

Many Fermion Dynamics – nuclear physics – p.22/26



DME–Ab Initio Comparisons: Year 4–5 Plans

On-going neutron droplet comparisons
Make systematic comparisons with simplified interaction
Comparisons with ab initio low-momentum NN-only

Compare (symmetric) nuclei in traps (same progression)

Revisit comparisons with improved DME and exact Hartree
Generalizations of DME beyond HF

Compare with NNN included (NCFC and CC)
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“Microscopically-constrained Fock energy density functionals from
chiral effective field theory. I. Two-nucleon interactions,” B.
Gebremariam, S.K. Bogner, and T. Duguet, arXiv:1003.5210.

“In-medium similarity renormalization group for nuclei,” K.
Tsukiyama, S.K. Bogner, and A. Schwenk, arXiv:1006.3639.



Articles and Preprints Citing SCIDAC Support

Preprints in preparation (post by CPR deadline)
“Microscopically-constrained Fock energy density functionals from
chiral effective field theory. II. Three-nucleon interactions,” B.
Gebremariam, S.K. Bogner, and T. Duguet

“Nuclear matter from chiral low-momentum interactions,” S.K.
Bogner, R.J. Furnstahl, K. Hebeler, A. Nogga, and A. Schwenk

First SRG operator paper (Anderson et al.)

First OEP paper (Drut, Furnstahl, Platter)

First DME-based EDF paper (Stoitsov et al.)



Ab Initio Functional Year-4 Deliverable Scorecard
Plan for Year-4 from Continuation Progress Report

Extend DME and validate against ab initio calculations.
Initial work toward 40Ca DME comparisons
XFurther development of π–DME functionals; pairing
XContinue development and testing of orbital-based DFT

Other deliverables from CPR
X Low-k interactions: evolve, test, export evolved 3D
3NF and Xevolve operators
XImprove and test nuclear matter on which DME relies
In-medium SRG: XFurther closed-shell nuclei
and ph channels in nuclear matter

Upgrade and validate the DME implementation

X Develop and test a refit Skyrme functional including
universal long-range DME parts
X Compare DME to CC and NCFC with the same
(variable) Hamiltonian, including with external fields.


