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Ab Initio Nuclear DFT Deliverables
Plan for Year-5 from Continuation Progress Report

Develop and test improved DME functionals that go beyond HF
(microscopic pairing; constrain volume terms from BHF).

Perform neutron drop benchmarks starting from NN and NNN
interactions and validate against ab-initio calculations.

Develop the Optimized Effective Potential (OEP) method for
3D-HFB; compare with HF, HF-DME, and ab initio.

Use in-medium SRG to develop valence shell model Hamiltonians
and effective operators for open-shell nuclei.

Other deliverables from CPR
Compare DME to CC and NCFC with the same (variable)
Hamiltonian, including with external fields.

Improve and test infinite matter on which DME relies; initial steps
toward Monte Carlo and CC calculations

Apply NN + NNN low-k SRG interactions in p-shell with NCFC

SRG: develop few-body operators, test factorization, explore
alternative generators to control many-body operators
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Jacek Dobaczewski

Phenomenological N3LO functionals for nuclei

Jacek Dobaczewski

UNEDF Annual Collaboration Meeting
June 20-­24, 2011, Michigan State University

In collaboration with the FiDiPro team:
Gillis Carlsson, Nicolas Michel, Alessandro Pastore,
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DME for the Gogny direct energy DME for the Gogny exchange energy

Convergence of the DME

The success and convergence of the DME expansions relies on 
the fact that the finite-­range nuclear effective interactions (G-­

-­range as compared to the 
spatial variations of nuclear densities. The quasi-­local (gradient) 

expansion in nuclei works!
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“Chiral three-nucleon forces and pairing in nuclei”
T. Lesinski, K. Hebeler, T. Duguet, A. Schwenk, arXiv:1104.2955

Uncertainties: 100–200 keV
for NN; 100–250 keV for 3N

short-range higher-order NN
and 3N; long-range 3N ci ’s

3N needed for quantitative
pairing gaps

1st-order low-momentum
leaves 30% for higher orders

Next: normal self-energy and higher-order contributions to
pairing kernel consistently based on low-momentum NN+3N

Apply non-empirical pairing EDF to deformed nuclei



H. Hergert - NSCL, Michigan State University - Annual UNEDF Meeting 2011, 06/22/11

 Hartree-Fock-Bogoliubov:          +DDIVSRG+DDI: Sn Isotopes

H. Hergert – NSCL, Michigan State University — Research Discussion, 09/09/2010
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Introduction DF from CCSD Results Summary

Ab-initio inputs fur nuclear functionals

■ Typically assume form of functional and fit parameters
■ Observables: cannot do better than experiment
✔ Theoretical intermediates

■ Use Kohn-Sham DFT (formulated for a trapped nucleus) mapped on
CCSD

■ Adequate for a doubly-magic nucleus
■ Start from a g.s. CCSD calculation (48Ca, Vlow k Λ = 1.9)
■ Construct a functional E expanded quadratically around CC g.s.

density

Ab-Initio Building Blocks for Nuclear DFT J. D. Holt



Introduction DF from CCSD Results Summary

Summary and outlook

! Progress in many-body techniques and understanding of the nuclear Ĥ
allows to add meaninful input to nuclear functionals

! Kohn-Sham DFT useful in establishing theory vs. theory comparison
! Issues may arise (V-representability, numerics) but technique is

promising
! Work with intrinsic densities
! Perform further CC calculations with various external potentials to

probe spatial response of KS fields to density variations
! Can also assume analytic functional form and fit parameters at level of

potential instead of data
! Self-consistency check: should agree with CC g.s. energy

Ab-Initio Building Blocks for Nuclear DFT J. D. Holt
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The Optimized Effective Potential
The OEP is just the KS auxiliary potential. It is called OEP when 
the functional depends only implicitly on the density and explicitly 
on the KS orbitals.

So we canʼt just do this:

Instead we have to solve an integral equation to find the 
potential, but other than that the KS loop remains 
unchanged.

We need an OEP solver



Results
Neutron drops with the Minnesota interaction

Various basis sizes and trap frequencies

Full 3D problem! (no symmetry assumed)

Exact-exchange (EXX) functional vs. Hartree-Fock

Solved OEP Eqn. exactly with KP algorithm

J. E. Drut and L. Platter, [arXiv:1104.4357].
Under (positive) review in Phys. Rev. C.
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Results: Neutron drops
Internal energy vs. radius J. E. Drut and L. Platter, [arXiv:1104.4357].



Superfluid OEP

Orbital shifts 

Kohn-Sham orbitals

We just need to define some projectors:

Can we apply the KP algorithm here?



Done / To-do update
Implemented full OEP solution in 1D (Kümmel-Perdew algorithm)

Tested 1D proof-of-concept against Hartree-Fock

Derived Superfluid OEP equations (first time)

!

!

!

Solves formal and practical problems of GGAs
Allows for exact exchange, RPA, Pairing, etc...

Allows for orbital-dependent functionals

Tested EXX-DFT versus HF for 3D neutron drops with 
Minnesota interaction.
J. E. Drut and L. Platter, [arXiv:1104.4357].

(first time a spin-dependent potential is OEPʼd!)
!

Improved Superfluid-OEP formalism

Coded Superfluid OEP 
(all parts in place, KP algorithm seems to fail in this case)

!

!



Whatʼs next?

We need a Superfluid OEP solver.

Proceed towards using low-momentum potentials.

We have performed test calculations for the OEP with 3-body 
forces at the EXX level. The corresponding formalism is easy to 
derive. It remains to write this up and post it.

Continue to pursue higher-order functionals (with 2-body forces for now)

We need to extend this to higher-body forces. The formalism is 
easy at the EXX level.

RPA? QRPA?

Is there a useful KLI approximation in the superfluid case?
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“Improved nuclear matter calculations
from chiral low-momentum interactions”

Evolve Λ down with RG (to
Λ ≈ 2 fm−1 for ordinary nuclei)

NN interactions fully, NNN
interactions approximately

Fit two 3NF constants to triton
binding and 4He radius
=⇒ predict nuclear matter

K. Hebeler, S.K. Bogner, R.J.
Furnstahl, A. Nogga, and A.
Schwenk, Phys. Rev. C 83,
031301 (2011)
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Application to neutron matter and neutron stars

• significantly reduced cutoff dependence at 2nd order

• neutron matter perturbative for low-momentum interactions

• energy sensitive to      variations

• uncertainty due to coupling constants much larger than cutoff variation

Equation of state of pure neutron matter

ENN+3N,eff
(1) ENN+3N,eff

2.0 < 3N < 2.5 fm-1
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Schwenk+Pethick (2005)

Akmal et al. (1998)

QMC s-wave

GFMC v6

GFMC v8’

c3

• good agreement with other approaches

Significantly reduced cutoff dependence at 2nd order

Energy sensitive to long-range 3NF c3 variations

Good agreement with other approaches (different NN)

Piecewise EOS =⇒ Constrain neutron star radius

Also: spin-singlet and spin-triplet (3P2–3F2) pairing gaps
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Coupled-cluster theory for nuclear matter!
(Preliminary)!
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Things in progress

SRG connections between chiral and pionless EFT.
Hyper-radial momentum space evolutions for A>3.

Test of low momentum universality in 3D for A-body forces.
Visualization of SRG evolution beyond A>3.

Extend local projection analysis to A>2.
Find and use other local “projections”.

Continue work on controlling induced 4-body forces (from
initial 3-body)
QMC methods for chiral/srg interactions

Ψ is simple after SRG (correlations suppressed)
Non-local makes other things harder (lots of spectator and
conservation delta functions to handle, etc)
VMC Soon, LR-DMC later.

Kyle A. Wendt SRG Update



Ab Initio Nuclear DFT Deliverables
Plan for Year-5 from Continuation Progress Report

Develop and test improved DME functionals that go beyond HF
(microscopic pairing; constrain volume terms from BHF).

Perform neutron drop benchmarks starting from NN and NNN
interactions and validate against ab-initio calculations.

Develop the Optimized Effective Potential (OEP) method for
3D-HFB; compare with HF, HF-DME, and ab initio.

Use in-medium SRG to develop valence shell model Hamiltonians
and effective operators for open-shell nuclei.

Other deliverables from CPR
Compare DME to CC and NCFC with the same (variable)
Hamiltonian, including with external fields.

Improve and test infinite matter on which DME relies; initial steps
toward Monte Carlo and CC calculations

Apply NN + NNN low-k SRG interactions in p-shell with NCFC

SRG: develop few-body operators, test factorization, explore
alternative generators to control many-body operators



“Evolving nuclear many-body forces with the SRG”
E.D. Jurgenson, P. Návratil, R.J. Furnstahl, Phys. Rev. C 83, 034301 (2011)

Look at running of 4He and 6Li energy with λ
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Manifest induced 4NF but same whether initial 3NF or not

What about the A dependence? No problem up to 6Li



“Similarity-transformed chiral NN+3N interactions
for the ab initio description of 12-C and 16-O”

R. Roth, J. Langhammer, A. Calci, S. Binder, P. Navrátil, arXiv:1105.3173v1

SRG evolved in HO basis

Importance-truncated
NCSM =⇒ larger Nmax

Here: Egs vs. Nmax

NN-only is not unitary

NN+3N-induced is still
unitary

NN+3N-full spreads
=⇒ significant 4NF
(confirmed by Jurgenson)

Small spread for spectrum
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Ab Initio Nuclear DFT Deliverables
Plan for Year-5 from Continuation Progress Report

Develop and test improved DME functionals that go beyond HF
(microscopic pairing; constrain volume terms from BHF).

Perform neutron drop benchmarks starting from NN and NNN
interactions and validate against ab-initio calculations.

Develop the Optimized Effective Potential (OEP) method for
3D-HFB; compare with HF, HF-DME, and ab initio.

Use in-medium SRG to develop valence shell model Hamiltonians
and effective operators for open-shell nuclei.

Other deliverables from CPR
Compare DME to CC and NCFC with the same (variable)
Hamiltonian, including with external fields.

Improve and test infinite matter on which DME relies; initial steps
toward Monte Carlo and CC calculations

Apply NN + NNN low-k SRG interactions in p-shell with NCFC

SRG: develop few-body operators, test factorization, explore
alternative generators to control many-body operators



3NF Evolution Progress and Plan [K. Hebeler]

A = 3 Faddeev code written from scratch (NN-only so far)
Extend to include 3NF

Right side of SRG differential equations for V123 evolution
Expressions recently derived
Coded but not fully tested (uses OpenMP =⇒ add MPI)
Improve efficiency (suggestions?)

Computational issues
Many coupled first-order differential equations:

|p q α� =⇒ (# p points)× (# q points)× (α partial wave sum)

with 15 ≤ p ≤ 40, 10 ≤ q ≤ 25, 5 ≤ α ≤ 34
At each step in s, right side matrix elements each have up to
4 internal loops besides 6 external loops over p, p�, q, q�, α, α�

Test using Faddeev code and against 3NF HO evolution

Apply to HF (and beyond) for infinite matter



SRG Effects at Long Range: Local Projections

[from Kyle Wendt’s talk]


movie_1.avi
Media File (video/avi)



Manipulation of the Evolution of the Three Body Force

d
ds

H = [[Trel+V (3)
s , H], H]

d
ds

H = [[Trel−V (3)
s , H], H]

Kyle A. Wendt SRG Update



The Similarity Renormalization Group with Novel Generators

W. Li, era, and R.J. Furnstahl, arXiv:1106.2835v1 [nucl-th].

The Similarity Renormalization
Group (SRG)

dHs
ds
= [ηs ,Hs ] = [[Gs ,Hs ],Hs ]

Typically, Gs = Trel with λ = 1
s1/4
fm−1

AV18 Potential

SRG flow can be tailored with
alternative choices of Gs
– λeq redefined to match decoupling

Using G exps and G invs with σ = 2 fm
−1,

low E part of V still decoupled

Much less evolution at high E
⇒ much faster!

G invs = −σ2/(1 + T/σ2) ≈ c + T + · · ·

G exps = −σ2e−T/σ
2

≈ c + T + · · ·

Same λeq = 2 fm
−1 : σ controls pattern.

Anderson SRG Operator Evolution – UNEDF Meeting 2011



Operator Evolution & Extraction Process

Anderson SRG Operator Evolution – UNEDF Meeting 2011



SRG Evolution of Operators in Nuclear Matter

Using AV18 potential

Pair-densities are approximately resolution independent

Enhancement of np over nn pairs due to tensor force

To do: Compare to finite nuclei results with LDA

Work done with K. Hebeler

Anderson SRG Operator Evolution – UNEDF Meeting 2011



Factorization: Evidence & Use

Idea: If k < λ and q ! λ =⇒ factorization: Uλ(k, q)→ Kλ(k)Qλ(q)

A test of factorization in U can be
made by assuming

Uλ(ki , q)

Uλ(k0, q)
→
Kλ(ki )Qλ(q)

Kλ(k0)Qλ(q)
,

so for q ! λ⇒ Kλ(ki )
Kλ(k0)

, if k < λ.

As shown below, one can infer this
behavior from the plateaus for
q ! 2fm−1 when ki < λ
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k1 = 0.5 fm−1
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k3 = 1.5 fm−1

k4 = 3.0 fm−1

λ  = 2.0 fm−1

1S0
k0 = 0.1 fm−1

Motivated by Operator Product Expansion
– leading OPE predicts K(k) ∼ const for
s-waves ⇒ plateaus at 1

Using Factorization, one finds:

〈ψλ|UλÔ U†λ |ψλ〉 ∼=
∫ λ

0

∫ λ

0
ψ†λ(k

′)

∫ λ

0

∫ λ

0
Uλ(k

′, q′)Ô(q′, q)Uλ(q, k)ψλ(k)+

∫ λ

0

∫ λ

0
ψ†λ(k

′)IQOQKλ(k
′)Kλ(k)ψλ(k)

where

IQOQ =
∫∞
λ dq

′∫∞
λ dq

[
Qλ(q′)Ô(q′, q)Qλ(q)

]

is a universal function for all nuclei

– Valid when initial
operators weakly
couple high and
low momentum

Anderson SRG Operator Evolution – UNEDF Meeting 2011



Correlations in Nuclear Systems

Subedi et al., Science 320,1476 (2008)

E.g.: Detection of knocked out pairs
with large relative momenta

How is vertex modified?

How Understand in
Context of SRG and
low-momentum
interactions?

=⇒

Anderson SRG Operator Evolution – UNEDF Meeting 2011



Short Range Correlations and the EMC effect

Deep inelastic scattering ratio at
Q2 ≥ 2GeV2 and 0.35 ≤ xB ≤ 0.7
and inelastic scattering at
Q2 ≥ 1.4GeV2 and 1.5 ≤ xB ≤ 2.0

Strong linear correlation between
slope of ratio of DIS cross sections
(nucleus A vs. deuterium) and
nuclear scaling ratio

L.B. Weinstein, et al., Phys. Rev. Lett. 106, 052301 (2011)

Can nuclear scaling and EMC effect be explained via factorization of operators
and low momentum structure of the nuclei?

We can calculate a2 in MBPT
Same dependence on nuclear structure for high momentum operators

⇒ EMC effect?

Anderson SRG Operator Evolution – UNEDF Meeting 2011



Ab Initio Nuclear DFT Deliverables
Plan for Year-5 from Continuation Progress Report

Develop and test improved DME functionals that go beyond HF
(microscopic pairing; constrain volume terms from BHF).

Perform neutron drop benchmarks starting from NN and NNN
interactions and validate against ab-initio calculations.

Develop the Optimized Effective Potential (OEP) method for
3D-HFB; compare with HF, HF-DME, and ab initio.

Use in-medium SRG to develop valence shell model Hamiltonians
and effective operators for open-shell nuclei.

Other deliverables from CPR
Compare DME to CC and NCFC with the same (variable)
Hamiltonian, including with external fields.

Improve and test infinite matter on which DME relies; initial steps
toward Monte Carlo and CC calculations

Apply NN + NNN low-k SRG interactions in p-shell with NCFC

SRG: develop few-body operators, test factorization, explore
alternative generators to control many-body operators



II) In-medium SRG

Scott Bogner 
Juan Burgos (student)

I) Density Matrix Expansion/ab-initio EDFs

Scott Bogner
Heiko Hergert 
Koshiroh Tsukiyama**
Achim Schwenk**

MSU Year 5 Status Report

**External

see M. Kortelainen’s

talk
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Normal Ordered Hamiltonians

 0-, 1-, 2-body terms contain some 3NF effects thru
density dependence => Efficient truncation scheme 
for evolution of 3N? 

Normal-order w.r.t. some reference state Φ (e.g., HF) :



 s=0 MeV  s=10  MeV  s=10  MeV

hh

hh

pp

pp

hh hhpp pp

-3 -1-2-2 -2

S-independent CCSD(T)

 => IM-SRG(2) is 

controllable approximation. 
4He, h!=24MeV

MBPT converges more quickly

Hod gets suppressed.

Many-body methods w/evolved H(s)

8

λ ≡ s−1/4
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Dependence on truncation for harder interactions

CCSDT

CCSD

Consistent IM-SRG(2)’ truncation (solid) 

converges to CCSD result  

Substantial overbinding in each emax

space for naive original IM-SRG(2) 

truncation (open)
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Active valence orbitals {vi}

Passive valence orbitals {qi}

hole orbitals {hi}

%0 %q %0 %v %q

Shell model effective interactions from the IM-SRG



Excitation spectra of 6Li versus NCSM result

27



Summary and Outlook

IM-SRG for closed-shell nuclei

 implemented other generators 

 consistent truncation worked out based on MBPT content

 harder interactions (“bare” n3lo) treated

Contamination of center of mass excitation is very small.

comparable to CCSD in current truncation

tools in place for benchmark paper of medium-mass nuclei (w/CC, SCGF, 

UMOA)

Shell-model effective interactions for valence nucleons.

 proof of principle for 6Li carried out

 seems to outperform traditional MBPT methods 

30



Summary and Outlook

 initial 3N (normal ordered 0,1,2-body parts)

 effective operator/Hamiltonian for open-shell systems.

Effective interaction for valence shell nucleons (p, sd, fp). 

effective charge ==> B(E2) for C, Ca, Ni and Sn.

quenching factor for GT transition.

Systematic improvement; 3-body flow equations (derived, not yet 

coded).

 particle-hole channels in infinite matter (H. Hergert)

 HFB reference state (H. Hergert)

Work in Progress 

31
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Ab Initio Functional Year-5 Deliverable Scoreboard
Plan for Year-5 from Continuation Progress Report

XDevelop and test improved DME functionals that go beyond HF
( microscopic pairing; constrain volume terms from BHF).

XPerform neutron drop benchmarks starting from NN and
NNN interactions and validate against ab-initio calculations.

Develop the Optimized Effective Potential (OEP) method for
3D-HFB; compare with XHF, HF-DME, and ab initio.

Use Xin-medium SRG to develop valence shell model
Hamiltonians and effective operators for open-shell nuclei.

Other deliverables from CPR
Compare DME to CC and XNCFC with the same (variable)
Hamiltonian, including with external fields.

XImprove and test infinite matter on which DME relies; initial
steps toward Monte Carlo and CC calculations
XApply NN + NNN low-k SRG interactions in p-shell with NCFC
SRG: Xdevelop few-body operators, test factorization, Xexplore
alternative generators to control many-body operators


